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Abstract. A methodology and experimental comparison of neuro-fuzzy structures, namely linguistic and zero and first-order
Takagi-Sugeno, are developed. The implementation of the model is conducted through the training of a neuro-fuzzy network,
i.e., a neural net architecture capable of representing a fuzzy system. In the first phase, the structure of the model is obtained
by subtractive clustering, which allows the extraction of a set of relevant rules based on a set of representative input-output data
samples. Membership functions with two-sided Gaussian functions are proposed and discussed. In the second phase, the model
parameters are tuned via the training of a neural network. Furthermore, different fuzzy operators are compared, as well as regular

and two-sided Gaussian functions.
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1. Introduction

The construction of fuzzy systems for process mod-
eling and prediction or, in general, for feature extraction
fromdatais presently carried outin several ways. From
the set of possible strategies, performing their training
through neural networks seems to be the most promis-
ing one. This strategy leads to so-called neuro-fuzzy
systems. The development of neuro-fuzzy systems is
actually a subject of great activity. In fact, since the
pioneer works of Zadeh [16] and Mamdani [10] many

among which Jang’s ANFIS structure [6] is probably
the most famous. Several recent developments have
improved the possibilities of neuro-fuzzy systems. For
example Azeem, Hanmandlu and Ahmad [1] proposed
the GANFIS structure, a generalization of Jang’s work.
Hong and Harris [4] researched for new types of basis
function for the case af-dimensional input spaces in
order to overcome the curse of dimensionality problem
whenn islarge. Zhangand Morris[17] proposed a type
of recurrent neuro-fuzzy networks to build long-range
prediction models for nonlinear processes easier to in-

progresses have been made regarding the developmentterpret than strictly black-box models. Pal and Pal [12]

of fuzzy relations based on experiences of skilled op-
erators or from a set of observed input-output data [5].
With the development of neural networks and of its
training algorithms, their computational potentialities
have been introduced into fuzzy learning operations
leading to neuro-fuzzy systems. Many structures have

been proposed and some were largely disseminated,
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propose a connectionistimplementation of the compo-
sitional rule of inference and an architecture for it that
automatically finds an “optimal” relation representing
a set of fuzzy rules. Kim and Kasabov [7] propose
an HyFIS- Hybrid Neural Fuzzy Inference System for
building and optimizing fuzzy models providing lin-
guistic meaning; they use a two-phase methodology: a
rule generation phase from data and a rule tuning phase
using error backpropagation.

In this work, it is presented a methodology carried
out in two main phases: in the first one, structure learn-
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ing is performed, i.e., a set of fuzzy rules is obtained membership functiong 4., us;,, puc,,- The previous
by subtractive clustering; in the second one, the model structure is called a FARX structure (Fuzzy Auto Re-
parameters (the membership function parameters of the gressive with eXogenous inputs), as a generalization of
fuzzy system) are tuned. the well-known ARX structure. Thus, the selection of
Based on the generic methodology referred, an anal- a set of rules of type Eqg. (2), as well as the definition
ysis is made regarding some important issues in fuzzy of the fuzzy setsA;;, B;; andC};, constitute project
modeling, e.g., type of rules (Takagi — Sugeno [15] issues specific to fuzzy systems.
or linguistic), type of operators and membership func-
tions. In terms of membership functions, this study is
restricted to simple and two-sided Gaussian functions.
The paper is organized as follows. In Section 2
the main issues of fuzzy identification are introduced. In order to obtain a set of g fuzzy conditional rules,
In Section 3 subtractive clustering, used for structure capable of representing the system under study, clus-
learning, is presented. Then, the parameter learning tering algorithms are particularly suited, since they per-
strategies used are described in Section 4. The method- mit a scatter partitioning of the input-output data space,

3. Structurelearning

ologies are applied to the Mackey-Glass time series,
in Section 5. Finally, some conclusions are drawn in
Section 6.

2. Fuzzy modelling and identification

Dynamical system identification deals with the im-
plementation of models using experimental data. Thus,
when a model is developed based on the theory of sys-
tem identification, its parameters are tuned according
to some criteria, aiming to obtain a final representa-
tion adequate for the modeling purposes. In this sense,
fuzzy identification is presented as a particular case of
system identification, in which the model is categorized
as a fuzzy system.

Thus, without loss of generality, let us assume a
single-input single-output (SISO) model, with one in-
put, «, and one outputy, from whereN data samples
are collected Eq. (1):

2% = {u(1),y ()], [u(2), y(2)]. ...
[u(V), y(V)]}

Using data collected from the system, the goal is to
obtain a fuzzy model, represented by a set of rules of
type R; Eq. (2):

R;: If y(t —1)andy(t —2) is Az; and. ..
is Ay; andu(t — d)
is By; andu(t —d — 1) is By; and . ..
theng(t) is Cy;

(1)

(2)

whered represents the system time delay ahd, B;;
andC';; denote linguistic terms associated to each input

which results in finding only the relevant rules. Com-
paring to grid-based partitioning methods, clustering
algorithms have the advantage of avoiding the rule base
explosion, i.e., the curse of dimensionality. Some au-
thors use grid-based partitioning methods, combined
with network pruning. Based on the authors’ previ-
ous work [13], it is their opinion that the results are
not as good as the ones resulting from clustering tech-
nigues: curse of dimensionality problems are avoided;
the pruning of the network can lead to wrong deletion of
nodes if the network is not optimized; optimization of a
large dimension network is very time consuming; after
deletion of nodes, the network should be re-optimized.

In this paper, Chiu’s subtractive clustering is ap-
plied [2]. This scheme possesses some interesting ad-
vantages, especially in a neuro-fuzzy identification con-
text. In fact, subtractive clustering is an efficient al-
gorithm and does not require any optimization, being
a good choice for the initialization of the neuro-fuzzy
network. Fuzzy c-means and other optimization-based
clustering algorithms would lead to a performance di-
minishing because they perform an unnecessary opti-
mization phase prior to network training. Also, pro-
gressive clustering and compatible cluster merging al-
gorithms are computationally expensive and need met-
rics for validation of individual clusters [3]. There-
fore, despite their potential, they are too complex for a
simple initialization of a fuzzy neural network.

Chiu’s algorithm belongs to the class of potential
function methods, being, more precisely, a variation
of the mountain method (see [3]). In this class of
algorithms, a set of points are defined as possible group
centers, each of them being interpreted as an energy
source. In subtractive clustering the center candidates
are the data samples themselves. In this way, the main

and output. Those terms are defined by their respective limitation of the mountain method is overtaken. Infact,
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there, the candidates are defined in a grid, leading to
curse of dimensionality problems.

So, let ZN Eg. (1) be a set ofV data samples,
21, 29, ..., 2N, defined in an + n space, where: de-
notes the number of inputs andhe number of outputs.

In order to make the range of values in each dimension
identical, the data samples are normalized, so that they
are limited by a hypercube.

As it was referred, it is admitted that each of the

samples defines a possible cluster center. Therefore,

the potential associated tg is Eg. (3):

N
Pi(z, ZN) = Z e—ollzi—z;1%
j=1
3

a=—,i=12,...,N

—
Ta

wherer, > 0 is radii, a constant which defines the
neighborhood radius of each point. Thus, poinfs
located out of the radius of; will have a reduced
influence in its potential. On the other hand, the effect
of points close ta; will grow with their proximity. In
this way, points with a dense neighborhood will have
higher associated potentials.

After computing the potential for each point, the one
with the highest potential is selected as the first cluster
center.

Next, the potential of all the remaining points is re-
duced. Defining; as the first group center and denot-
ing its potential asP;", the potential of the remaining
points is reduced as in Eqg. (4):

4

2

* 12
x _—Blzi—=2
Py Py Pre Pl =
b

4)
where the constant, > 0 defines the neighborhood
radius with sensible reductions in its potential.

In this way, points close to the center selected will
have their potentials reduced in a more significant man-
ner, and so the probability of being chosen as centers di-
minishes. This procedure has the advantage of avoiding
the concentration of identical clusters in denser zones.
Therefore, the-, value is selected in order be slightly
higher thanr,, so as to avoid closely spaced clusters.
Typically, r, = 1.57,.

After performing potential reduction for all the can-
didates, the one with the highest potential is selected
as the second cluster, after what the potential of the
remaining points is again reduced. Generically, after
determining the-th group, the potential is reduced as

Eq. (5):

* (12
* —Blzi—z
P, — P;— Pre Bllzi—z |l

()
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The procedure of center selection and potential re-
duction is repeated until the following stopping crite-
rion (Algorithm 1) is reached.

Algorithm 1. Stopping criterion for subtractive clus-
tering.
If Py > e Py

Acceptz; as the next cluster center and continue
Otherwise,

If P; < gdownpy

Rejectz;; and finish the algorithm.

Otherwise

Letdmin be the shortest distance betwegnand

all the centers already found

If dmin/ra + P/PF > 1
Acceptz; as the next cluster center and continue

Otherwise
Rejectz; and assign it the potential 0.0.
Select the point with higher potential as nejv
Repeat the test.

End If

End If
End If

In Algorithm 1, e"P specifies a threshold above
which the point is selected as a center with no doubts
ands4°"" specifies the threshold below which the point
is definitely rejected. The third case is where the pointis
characterized by a good trade-off between having a suf-
ficiently high potential and being distant enough from
the clusters determined before. Typicaly? = 0.5
andedovn = (.15.

As it can be understood from the description of the
algorithm, the number of clusters to obtain is not pre-
specified. However, it is important to note that the pa-
rameteradii is directly related to the number of clusters
found. Thus, a small radius will lead to a high number
of rules, which, if excessive, may result in overfitting
problems. On the other hand, a bigger radius will lead
to a smaller number of clusters, which may originate
underfitting, and so, models with reduced representa-
tion accuracy. Therefore, in practice it is necessary to
test several values foadii and select the most adequate
according to the results obtained. However, despite the
fact that someadii values should be tested, this param-
eter gives an initial hint on the number of clusters nec-
essary [13]. This constitutes an important advantage
over optimization-based and other classes of clustering
algorithms, when little information is known regarding
the best number of clusters. Another advantage of sub-
tractive clustering is that the algorithm is noise robust,
since outliers do not significantly influence the choice
of centers, due to their low potential.



150

After applying subtractive clustering, each of the
clusters obtained will constitute a prototype for a par-
ticular behavior of the system under analysis. So, each
cluster can be used to define a fuzzy rule, able to de-
scribe the behavior of the system in some region of the
input-output space. Typically,fuzzy conditional rules
of type Eg. (6) are obtained:

Ruler :

IF (X, is LX1() AND (X, is LX2(M)
AND ... AND (X,, is LXm")

THEN (Y; is LY'1()) AND (Y3 is LY2("))
AND ... AND (Y, is LY,(")

where each of the linguistic terms in the antecedent,
LX i, has an associated membership function de-
fined as follows Eq. (7):

(6)

px ) (xj) = e—alzj—er;)?,

r=1,2,...

_ (7)

,g; 7 =1,2,...

Here,z; denotes a numeric value related to jftie
inputdimension and;; is the;jth coordinate in then-
dimensional vectog;. Equation (7) results from the
computation of the potential associated to each pointin
the data space. Clearly, expression Eq. (6) is a conse-
guence of using linguistic models, i.e., models in which

,m
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Finally, after the parameterization of the Gaussian
membership functions, the data used, normalized pre-
viously, are restored to their initial values. In the same
way, the function parameters are adjusted to the do-
mains defined for each dimension.

Orj =

4. Parameterslearning

After determining a fuzzy model structure, the model
parameters, i.e., the centers and standard deviations of
the Gaussian membership functions, should be tuned.
Therefore, it is necessary to select the type of model to
use. In linguistic models, the conditional rules belong
to type Eq. (6). Regarding zero-order Takagi-Sugeno
models, with constant consequents, the rules are of type
Eq. (10). As for first order Takagi-Sugeno models, the
rules are of type Eq. (11), whefg, (x) is defined as in
Eq. (12).

Ruler :
IF (X1is LX1() AND (X, is LX2(")
AND ... AND (X,, is LXm™)

the consequents are fuzzy sets. Such consequents result

naturally from the application of subtractive clustering
and are obtained as follows Eq. (8):

* 2
Ly o (Yo) = e~ @Wem¥ro)™

(8)

o=12,....n

wherey, denotes a numeric value regarding #th
output dimension ang?, is the jth coordinate in the
n-dimensional vectoy.

Obtaining an initial structure for Takagi-Sugeno
models, in which the terms in the consequents are typi-
cally zero and first-order linear functions, is performed
similarly. However, since the consequents are not fuzzy
sets, the initialization procedure just described applies
only to the antecedents. In fact, based on the linear

(10)
THEN (91 = bi,) AND (g2 = b2y)
AND ... AND (4, = by,)
Ruler :
IF (X, is LX1) AND (X, is LX2()
AND ... AND (X,, is LXm™) an
THEN (91 = f1r) AND [g2 = fa, ()]
AND ... AND [f, = fnr(2)]
Jor(z) = boro 4 bor171 + bor2®2 4 bormTn
+bor; ER, j=1,2,...,m; (12)

o=12,....nyr=1,2...,¢g

As it can be seen, first order Takagi-Sugeno models
are characterized by having more flexible consequents.
Thus, these structures can be seen as smooth shifters be-

characteristics of the consequents, their values can be tween local linear models, which is an advantage com-

easily obtained by means of linear optimization tech-
nigues.

Comparing Egs (7), (8) and the general equation for
Gaussian functions, it becomes clear that the member-
ship functions considered belong to the type referred.
Thus, regarding the standard deviation of each function,
expression Eq. (9) is obtained:

paring to the interpolative properties of both linguistic
and zero-order models.

The parameters of each of the referred fuzzy struc-
tures are adjusted by means of a fuzzy neural network,
i.e., aneural network able to represent the functions of a
fuzzy system, namely, fuzzification, fuzzy implication
and defuzzification.
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Fig. 1. Neuro-fuzzy network: Takagi-Sugeno type consequents.

4.1. Neuro-fuzzy arquitectures

Basically, the nets presented in the following para-

graphs are composed by an input layer, preceding a

fuzzification layer and then arule layer. After the initial

layers, the next layer is, in the case of Takagi-Sugeno

models, the final linear output layer. As for fuzzy con-

sequents, the fourth layer is the union layer, used to
integrate rules with the same consequents, and the last

one is the output layer, responsible for defuzzification.
In order to make the next expressions more readable
the notation used is presented beforehand:

— m: number of network inputs

— n: number of network outputs

— g: number of fuzzy rules (groups)

- a,ﬁ”Q): activation of neurori in layer 2, regarding
training patterrp (¢ denotes an input term: “in-
put’);

- a!"®: activation of neurom in layer 3, regarding
patternp (r denotes “rule”);

- ag”‘l): activation of neuron in layer 4, regarding
patternp (s denotes S-norm”);

— a'P® = 4{P): activation of neuron in layer5, i.e.,
output, regarding pattem(o denotes “output”);

- y((,”): desired activation for neuron o in layer 5,
i.e., for the network output, regarding pattem
this is an output sample.

As for Takagi-Sugeno models, the output takes place
in the fourth layer, resulting:

aPY = 3P activation of neuron in layer5, i.e.,

output, regarding pattemm(o denotes “output”);
- yg”): desired activation for neurom in layer 5,
i.e., for the network output, regarding pattexn

Takagi-Sugeno models

Fromthe described previously, Takagi-Sugeno struc-
tures are represented by the architecture in Fig. 1. Nat-
' urally, the network presented serves both first and zero-
order models, in which the consequents will be either
first order functions or constants, respectively.

In this structure, the input layer simply receives data
from the external environment and passes them to the
next layer.

Inthe second layer, the fuzzification layer, each of the
cells corresponds to a membership function associated
to each of the inputs. Defining conventional Gaussian
functions, the output of each neuron in this layer is
given by Eg. (13):

(=7 ~e15)"

202
ij

a,(-p2) =€

i (13)
wherec;; ando;; represent, respectively, the center
and standard deviation of thith membership function
related to thejth input. Such parameters constitute

the weights of layer one to layer two link& X ; (") in
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Fig. 2. Two-sided Gaussian function.

Fig. 1). In the same expressmmj”) denotes theth
pattern associated do inpjit

Alternatively, it is possible to define two-sided Gaus-
sian functions, which are characterized by their pos-
sibility of being asymmetric and containing a plateau,
as a generalization of conventional functions (Fig. 2).
Therefore, the possibility of obtaining better results can
be formulated, due to the increased flexibility of the
generalized functions.

In the case where two-sided Gaussians are used, the
activation of each of the neurons in this layer is given
by Eq. (14).

2
)
. (p)
S _ )€ T L
)1, e < < ¢jj
ij L ij R
(wmﬂ.” )?
7 ijR
e R :cgp) < CijR

Here,c;;r ando;;1, represent, respectively, the cen-
ter and standard deviation of the left component of the
ith membership function related to thgh input. For
the right component, the indgkis used. Such param-
eters constitute the weights of layer one to layer two
links (LX (") in Fig. 1). In the same expressmﬂ(")
denotes theth pattern associated to inpjt

As for the neurons in the rule layer, their function
consists of performing the antecedent conjunction of
each rule, by means of son¥énorm, e.g., product
Eq. (15) or minimum Eq. (16). The first one is clas-
sified as an algebraic operator and the second one is a
truncation operator.

na,

aP® = T — nornf'%; ( pQ)) H al??  (15)
aP®) =T — norn{'%; (az(.pz))
(16)
o)

In the previous expressionsg,- stands for the num-
ber of inputs in the antecedent of rule
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Regarding the output layer, its task consists of com-
puting numeric outputs based on the level of activation
of eachrule. As referred previously, in zero-order mod-
els the weights in this layer denote the rule consequents,
defined by constants. Therefore, each output neuron is
activated as in Eq. (17). In the implementation of first
order Takagi-Sugeno models, the net defines a fuzzy
system with rules of type Eq. (11). In this way, the
task of the output neurons is very similar to the ones in
zero-order models, being defined as in Eq. (18).

Z a(p3) bor

g = qrh) = —_ a7)
>l
r=1

Qgp) — agp4)

g
Z (p3) .

(18)

+ bor()

Fuzzy consequents models

As a basis for dealing with fuzzy consequents, Lin
defines in his NFCN architecture [8] a fuzzy neural net
composed by five layers, as in Fig. 3. However, the
original structure is adapted in the present work, so as
to allow different operators and membership functions.

Comparatively to the network depicted in Fig. 1,
the first three layers perform exactly the same tasks.
Obviously, the difference resides in the layers following
those.

Thus, the fourth layer, called the union layer, is re-
sponsible for integrating the rules with the same conse-
quents, via somé&-norm, e.g., bounded sum Eq. (19)
or maximum Eq. (20). The first one is classified as an
algebraic operator and the second one is a truncation
operator. Therepr, stands for the number of rules
which have neuror as consequent.

a?® =S — norn{"" (a,f?”3))

nr, (19)
= min <1, > a§P3>>
r=1
a?® = S — norm{'"s, ( P3))
- (20)
= max(a{P?)

r=1
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Fig. 3. Neuro-fuzzy network: fuzzy consequents.

As for the output layer, or defuzzification layet, (
in Fig. 3), layer four to layer five linksI(Yo(") in

defuzzification method proposed is to weight the acti-
vation of each rule, not only by the centers, right and

the same figure) define the parameters of the member- left, but also by their standard deviations. Clearly, ex-

ship functions associated to the output linguistic terms.

pression Eq. (22) is equivalent to Eq. (21) in the cases

Thus, based on these membership functions and on the where one deals with regular Gaussian functions.

activation of each rule, its neurons should implement
a defuzzification method suited to the types of fuzzy
consequents, as the one presented in [8] Eq. (21):

|T(Yo)]
Z Coonsagpél)
Ap) — ,(P5) _ _s=1
yo - aO - ‘T(Yo)‘ (21)

InEq. (21)¢c,s ando s represent the center and stan-
dard deviation of theth membership function related
to outputo. In the case where two-sided Gaussians are
used, Eq. (22) results, as is defined in [14].

gj((,p) — agpf’)

ITMo)l 4 (22)

§(CostfosL + CosRO0sR)

s=1
|T(Yo)] 1

Z §(UosL + UosR)agp4)

agp4)

s=1
In the previous expression&(Y,)| stands for the

number of membership functions associated to each
linguistic output variable¥,,. The main idea of the

Based on the function performed by each neuron,
the linguistic networks are trained in batch mode, via
the well-known backpropagation algorithm. Regard-
ing Takagi-Sugeno models, several alternatives are ap-
plicable. In fact, the training can be also conducted
through backpropagation. However, as a consequence
of the linearity in the output layer, it is possible to apply
the least square estimator in matrix form. This strategy
has the advantage of leading to a significant reduction
of the number of epochs required. However, the time
necessary for each epoch will be greater.

4.2. Training methodologies

Based on the function performed by each neuron, the
network is trained in batch mode through backpropa-
gation. The training of the fuzzy neural network starts
by defining a criterion for error minimization. The sum
squared error (SSE) is used. In this way, the total net-
work errorE Eq. (23), is defined as the sum of squared
errors E®) Eq. (24), computed for each training
patternp.

N
E=) EW (23)
p=1
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E® =2 (" =) (24)
o=1

where,g}ﬁ,”) stands for thenth network output pattern

for the oth output variableyf}’) represents the corre-
sponding real output sample amoldenotes the number
of network outputs.

In this way, every pattern is subjected to a forward
pass, where signals flow from the input layer until the
output layer, where the error for that specific pattern is
calculated.

Next, starting from the output layer, a backward pass
takes place, in which the network parameters are ad-
justed towards error minimization. The minimization
procedure is conducted iteratively via the gradient de-
scent method, as follows Eq. (25):

OE®)
T T ow

wherew denotes, generically, any adjustable network
parameter, or weight, angl represents the network
learning rate. Typically, the error derivative relative to
the weight is calculated by the chain rule as follows
Eq. (26):

A

(25)

OEW®  HgP)
T 00 ow

SE®)
ow

(26)

In the previous expression(?) stands for the activa-
tion of any neuron in the network. In the output layer,
a(?) is equivalent to some network outpgt?’.

As for the delta signals that need to be backpropa-
gated, their value for an output neuron is computed as
in Eg. (27). For a neuron in laydr;, its delta value
is computed via the chain rule, based on the delta sig-
nal of the following layer,L,,1 Eq. (28). In Eq. (28),
nL;,1 denotes the number of neurons in layer, ;.

OE®)
(P — _
oW = D0 (27)
sl _ OB
T 9alpLi)
nLlit ) (PLit1)
OE®) bl
- Z - L. ! S L. (28)
Pt aaglp i+1) aa(p i)
B n§1 5(pL1-+1) . 8a§LpLi+1
- h=1 " aa(pLi)
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Fuzzy consequent models

Regarding the five-layered linguistic network
(Fig. 3), the network training equations were gener-
alized from [8], in order to allow the integration of
two-sided Gaussian functions, as well as algebraic and
truncation operators for conjunction and disjunction.

In this way, in regular Gaussians, the centers associ-
ated to the output layer are tuned via Eqgs (29) e (30):

O =y — g (29)
(p) (p4)
O0E; :75(]05) Ooss (30)
Ocos ?  |T(Yo)l
S o
k=1

In case two-sided Gaussians are used, Eq. (30) is
replaced by Eq. (31):

pd
8Ec(,p) _ 75(;05) O'OSLagp ) (31)
JCos1, o T(Y,)] |
Z (oL + UokR)a;(f) )
k=1

The previous equation is related to the left side of
the Gaussian function (which will be used throughout
this paper). As for the right sided, the expressions are
exactly the same, except for the subsciiptwhich is
substituted byR.

Regarding the standard deviations, their tuning is
performed as in Eq. (32) for regular Gaussians and
Eq. (33) for two-sided Gaussians:

(p)
% — _§@5) (32)
005 °
y |T(Yo)] y |T(Yo)] .
Cosa? 3" ooralt? —a® 3" copoorar?
=1 =1
IT(Yo)] 2
5
=1
(p)
OEs _5(@5)
00osL, ©
|T(Yo)l
Cosr,aPY Z (UokLJonkR)a;(f‘l) (33)
=1
|T(Yo)] .
—aP¥ Z (CokLOoKL “I‘CokRUokR)GgD )
=1
IT(Y,)] ?

(Ookr + ookR)aff‘l)

k=1
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In the fourth layer there are no parameters to adjust.
However, the delta signal must be calculated, in order

to backpropagate it to the inner layers. This signal is
computed based on the same signal in the following

layer, as stated before, resulting in Eqs (34) and (35)

for regular and two-sided Gaussians, respectively.

n

R (34)
o=1
|T(Yo)] |T(Yo)]
Cos0os Z Uoka]ip4) — Oops Z Coko—okagﬂl)
k=1 k=1
T(¥0)] N
S
k=1
I (35)
o=1
|T(Yo)l .
(CosLo'osL + CosRaosR) Z (UokL + UokR)agcp )
k=1
T(r0) ’
Z (ookr + UokR)a]ip4)
L k=1
|7 (Yo ]

)|
(OosL + OosR) Z (CokLOokL + CokRUokR)a](:A)
k

1

IT(Y0)| 2

> (ooke + ookr)ay”
k=1

As for the third layer, once again there are no param-
eters to adjust. So, the only task to perform is to calcu-
late the delta signals. Generically, it comes Eq. (36):

X no, . aagp4)

57@ ) — ; 5(()20 )W

whereno, stands for the number of consequents de-
fined for ruler.

In the original version [8], the disjunction is per-
formed by means of bounded-sum, which is not contin-
uously differentiable. In order to overcome that prob-
lem, simple sum is used, resulting Eq. (37):

aag” 4)

daP®) B

(36)

37)

In case the&S-norm is performed by maximum, some
care must be taken while calculating the derivative. In
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this case, it is necessary to save the index associated
to the neuron that originated the maximum. Thus, the
derivative regarding that element (the “winner”) will be

1, being O for the “loosers” Eq. (38):

daiY 1, aPY = oY
aaq(np3) - 07 agp‘l) ?é GJ&P?’)
In the second layer, there are again parameters to

adjust. Their tuning is conducted based on Eqs (39) e
(40), for the centers, and Eqs (41) e (42), for the widths:

(38)

(p) nr; (p3) (p2)
an _ Z(S(pd) 5‘a7- 5‘ai (39)
dcij =" 0P ) Ocy

) o _imein?
gai _ Z; QCsze 202 (40)
CijL 0L

(p) nr; (p3) (p2)
OF _ [y sowle ) 2a (41)
do;j =" 0al? ) 0oy
9a'? (x; —cijn)? —M
Sy =g e (42)
TijL 9L

wherenr; represents the number of rules that have neu-
roni as antecedent andstands for the input variable
associated with th&h membership function.

In this case, centers are tuned in exactly the same
manner, both for regular and two-sided Gaussians. The
only difference is that two-sided Gaussians have two
centers to adapt.

As in layer 3, it is necessary to choose an operator
to implement thel-norm. In the original version [8],
minimum is used Eq. (43):

8a£p3) 1 QSPS) _ as})?)

aaEPQ) - 0, as})?’) + GEPQ)

In the previous equation, the same artifice used in

Eq. (38) was performed, since those operators are not
continuous. Alternatively, product, which is continu-

ously differentiable, can be used. In this case, it comes
Eq. (44):
na,r

da " (p2)
Yo _TTa"?, k£
au ~ L

(43)

(44)

Usually, minimum and maximum operators, referred
in this section, are called truncation operators, whereas
sum and product are called algebraic operators. Alge-
braic operators have some advantages. Namely, they
lead to smoother output surfaces and permit the di-
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rect application of gradient descent without the artifices
used with truncation operators.

Tuning the parameters without any constraints, can
lead to inconsistent membership functions. In fact, it

makes no sense to have neither negative standard devi-

ations nor two-sided Gaussian functions with right and
left centers exchanged. Therefore, after adjusting the
parameters, the integrity of the membership functions
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In EqQ. (47), each column in matrii represents one
model output. Each of those columns tfas+ 1) - g
parameters associated. The same matrix can be divided
in g sets ofm + 1 lines (separated by dashed lines).
Each of those sets contains the parameters defined for
the consequents of each rule. Thus, the total number
of parameters for Takagi-Sugeno models will(be+

must be verified and guaranteed. Thus, in case centersl) - g - n. In zero-order models, each rule will have a

in two-sided Gaussians get exchanged, it was decided
to attribute them their mean value. As for standard de-
viations, in case they become negative, they are given a
“small” value, which is quantified as 1% of the domain
amplitude. Formally, it results Eq. (45).

cnew — CL+CR
L 2
€L > CR = cnew — cLtcr
R 2
(45)
o< 0= 0 — Xmax*Xmin
100

where the domain interval iS{ ,in, Xmax|- However,
itisimportant to note that, with the constraints imposed,
the true gradient is not followed any longer. Instead,
an approximation is performed.

Takagi-Sugeno models

Regarding Takagi-Sugeno fuzzy models, zero or
first-order, several alternatives are applicable.

In a first alternative, the network can be trained via
backpropagation. Inthis way, the only differences com-
paratively to fuzzy consequents models regard parame-
ter tuning in the linear output layer and calculating the
delta signals necessary to the rule layer.

However, since the output layer is linear, the least
squares estimator can be applied in matrix form. In this
way, matrix Eq. (46) is obtained:

YT =o7.B (46)

In Eq. (46),B denotes dm + 1) - g x n matrix with
parameters to identify, defined as follows Eq. (47):

[ bllO b210 bnl()
bi11 bann bn11
bllm b21m bnlm
B= by @7)
bigo b2g0 bngo
big1 b2g1 bag1
_blg'rn b2g'rn bngm h

unique parameteb,,.o, and so matrix3 will be g x n.
Still in Eq. (46),Y represents an x N matrix con-
taining real output data, anflisa(m +1)-g x N
matrix, defined in Eq. (48), whefe,g”) is thepth pat-
tern received by input For zero-order models, vector

X @ js reduced tox ») = 1.

b =
gai” ) gaf” x©@ # x) ]
SICEEND SYCD ST
T:1(13) T:1(23) r:l(N3)
a2 M 2 2) a3 (N)
SICERND SYCIN ST
r=1 r=1 r=1
gaéw) ) gaéw) @) gaéN3) X(N)
OIS ST o
L r=1 r=1 r=1 J
X® =120 2P 0T (48)
p=12,...,N

Typically, Eq. (46) can be solved in a single step, as

follows Eq. (49):
B=(oT®) oY, (49)

This requires matrix? @ to be positive definite. By
its construction, that matrix is always positive semi-
definite. However, in case it is singular, that require-
ment is not followed any longer. In this case, an in-
finite number of solutions will result. Therefore, data
collection must be carried out very carefully, so that the
samples obtained are informative enough, in order to
avoid the problem referred.

In Eqg. (49), calculating the inverse can be computa-
tionally heavy. Therefore, the recursive version of the
least square estimator (RLS) is preferred Eq. (50):
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Fig. 4. Chaotic time series: identification data.
Table 2
Chaotic series: training results
Method Type of Gaussians  Nr. Param.  Fuzzy. Oper.  Nr. Epochs.  Time p/ Ep. RMSE
Train Test
1 FC 2-sided 180 Algebraic 2000 0.27s 0.0070 0.0076
2 “ “ “ Truncation “ 0.24s 0.0111 0.0121
3 Regular 90 Algebraic 0.26s 0.0066 0.0071
4 CcC 2-sided 153 Algebraic 1500 0.54s 0.0047  0.0050
5 “ “ “ Truncation “ 0.52s 0.0097 0.0108
6 “ Regular 81 Algebraic 0.53s 0.0050 0.0052
7 FOC 2-sided 189 Algebraic 300 4.1s 0.0025 0.0030
8 “ “ “ Truncation 4.3s 0.0038 0.0043
9 “ Regular 147 Algebraic ! 4.0s 0.0030 0.0033
B(p)=B(p—1) This scheme, which is used in this work, allows a
+P(p)<I>(p) [Y(p) B }A,(p)]T S|gn|f|cant.re_du.ct|on of the number of training epoc_hs.
However, it is important to note that the computing
Plp)=P(p-1) (50) time for each epoch is notoriously higher than the pure

P(p— 1)o@ o®" p(p — 1)
1+ P(p—1)o®
p=12,....,N

Here,®(p) stands for theth column in matrix® and
Y ®) eY () aren x 1 vectors that denote, respectively,
real and model output.

The method described has the advantage of guaran-
teeing the optimum solution, for fixed parameters in the
second layer. Therefore, it is usual to use it in a hybrid
scheme [6]. Inthis scheme, the network performs a for-
ward pass, until the rule layer. At this point, matsix
is determined. Next, the optimal parameters for matrix
B are obtained through RLS and the modeling error is
calculated. In the second phase, the network performs
backpropagation, and the second layer parameters are
tuned as described previously, based on the delta signal
relative to the rule layer.

)

application of backpropagation to the training of the
network.

In order to reduce the network convergence time, an
adaptive learning rate is used, both for fuzzy conse-
guents models and Takagi-Sugeno models. Thus, if the
error is reduced fohum...q consecutive epochs, the
learning rate is increased by a facot?. In case er-
ror grows fornum,. consecutive epochs or oscillates
for num,s. consecutive epochs, the learning rate is re-
duced by a factor of,4°¥". As for the stopping cri-
terion, training finishes when the Root Mean Squared
Error (RMSE) reaches some satisfactory threshold, sta-
bilizes or overtraining happens.

5. A comparative study: Simulation results

One of the most commonly used case studies in
system identification consists of the prediction of the
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Fig. 5. Chaotic series: output prediction in a first-order Takagi-Sugeno model with algebraic operators and two-sided Gaussians.
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Fig. 6. Chaotic series: output prediction in a linguistic model with algebraic operators and regular Gaussians.

Mackey-Glass chaotic time series [9], described by mittee, Working Group on Data Modelling Benchmark-

Eq. (51): s”, which are also used in the analysis of several other

0.20(t — 7) methodologies. So, in order to obtain a numeric sglu—

x(t) = To 2007 0.1z(t) (51) tion, the fourth order Runge-Kutta method was applied.
2!t —7) For integration, it was assumedt) = 0, ¢ < 0,and a

It does not show a clear periodic behavior and it is time interval of 0.1. The initial conditiom(0) = 1.2
also very sensible to initial conditions. The problem and ther parameter{ = 17) were also defined. In
consists of predicting future values of the series. this casejx(t — 18), x(t — 12), z(t — 6), z(t)] are used

The application of the techniques described previ- to predictz(¢ + 6). Based on the parameterization de-
ously is carried out based on identification data from scribed, data was obtained in the interval [0; 2000].
the “IEEE Neural Network Council, Standards Com- Then, 1000 input-output pairs were selected from in-
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Fig. 7. Method 1: membership functions obtained.

Table 3
Method 1: network parameters
MF1 MF2 MF3 MF4 MF5 MF6 MF7 MF8 MF9

z(t—18) ¢  0.45890 0.57942 0.73123 0.90927 0.94710 1.09923 1.13540 1.13788 1.23283
crp 051762 0.60231 0.73124 0.91222 0.96767 1.10719 1.13541 1.18007 1.28358
or, 015626 0.21683 0.17104 0.16290 0.15573 0.07965 0.16155 0.18267 0.13798
or 022855 0.23605 0.24308 0.16850 0.15877 0.14930 0.13472 0.14538 0.15774

z(t—12) ¢  0.45925 0.70339 0.74875 0.81388 0.93538 1.01849 1.15110 1.16626 1.18986
crp 053720 0.76558 0.75697 0.83325 0.93538 1.06013 1.15110 1.16627 1.20855
or, 015982 0.17073 0.12746 0.13132 0.14550 0.10050 0.07397 0.09911 0.15912
ocr 0.15850 0.11472 0.14399 0.20298 0.13431 0.10582 0.13079 0.10362 0.19192

X(t-6) cr, 070946 0.72954 0.75930 0.75956 0.86176 0.97492 0.98703 1.05702  1.19090
crp 0.71303 0.81760 0.84009 0.75956 1.12831 0.97531 0.98705 1.16716 1.21067
or, 010654 0.18578 0.22580 0.19969 0.30088 0.16496 0.17036 0.19722  0.20099
ocr 0.26867 0.22552 0.27750 0.17792 0.22936 0.15089 0.19838 0.19709 0.13985

X(t) cr, 055795 0.62578 0.2673 0.86851 0.95754 0.96978 1.01331 1.05637 1.12134
crp 058266 0.65020 0.77437 0.96156 1.01022 0.98347 1.04280 1.05638 1.23770
or, 016476 0.14495 0.16442 0.13607 0.23840 0.15556 0.33283 0.02425 0.17506
ocr 019925 0.14922 0.20002 0.15158 0.17186 0.14799 0.11069 0.06402 0.19160

z(t +6) cr, 039628 0.53563 0.73117 0.80466 0.87284 1.08335 1.09021 1.09188  1.34457
crp 0.39659 0.53869 0.73476 0.80815 0.88113 1.08971 1.09708 1.09832 1.35395
or, 018464 0.16231 0.10678 0.12415 0.16290 0.15945 0.11147 0.18100 0.21765
or 0.18453 0.16027 0.10587 0.12569 0.15706 0.16103 0.11065 0.18301 0.22208

tervalt € [118;1117]. The data collected is depicted After the application of the set of methodologies

in Fig. 4. This data set was divided in order to get the described, the results in Table 2 were obtained, where

training and validation suits: first and last 500 samples, FC, CC and FOC denote respectively fuzzy, constant

respectively. and first order consequents. The algorithms described
Using the samples obtained, the chaotic time series were programmed in €+ and the experiments were

was modeled, according to the procedures described in conducted on a PC under Microsoft Windowzs NT,

the previous sections. The parametgmwas assigned running at 266 MHz on a Pentium Il processor, with

thevalue 0.5, resulting 9 fuzzy rules. Next, the network, 64 MB RAM.

with four inputs and one output, was trained. The results presented allow some conclusions to
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Table 4
Method 1: rule base obtained by the proposed method

Rule z(t—18) «a(t—12) «a(t—6) =z(t) = z(t+6)

1 MF1 MF4 MF6 MF6 MF7

2 MF2 MF1 MF3 MF5 MF5

3 MF3 MF2 MF5 MF9 MF9

4 MF4 MF6 MF8 MF7 MF8

5 MF5 MF3 MF1 MF3 MF6

6 MF6 MF7 MF9 MF8 MF3

7 MF7 MF8 MF7 MF4 MF2

8 MF8 MF5 MF2 MF2 MF4

9 MF9 MF9 MF4 MF1 MF1

Table 5
Comparison with methods from other authors
Method Number of rules  Number of free parameters  Error index

1 FC 9 90 0.033
2 CC 9 153 0.023
3 FOC 9 189 0.014
4 Chiu 25 125 0.014
5 ANFIS 16 104 0.007
6  ANN with backpropagation - 540 0.02
7 NEFPROX (A) 129 105 0.155
8 NEFPROX (G) 26 38 0.313

be drawn. Using regular Gaussian functions presents it is hard to assign linguistic labels to its membership
some advantages in case fuzzy consequents are utilized functions, as can be seen in Fig. 7 (the parameters for
In fact, the higher complexity that results from the use the membership functions in that figure are presented
of two-sided Gaussian functions does not originate a in Table 3, where MF stands for membership function).
significant gain in terms of model accuracy,and soregu- |n fact, the membership functions are strongly over-
lar Gaussians are preferable. As for fuzzy operators, al- |apped, which makes it very hard to label them. Thus,
gebraic operators lead to much better results than trun- the functions are labeled as MF1, ME2, , MF9, and
cation operators. Models with constant consequents al- the rule base obtained (Table 4) is not very intelligible,
low better results than linguistic models but first order i, terms of human cognition. This problem of inter-
models are the most accurate and need a considerabley etapility (or transparency) is being object of research
lower number of training epochs. However, linear op- by the authors.
timization leads to high processing time, which may
be problematic for real-time learning, unless code op-
timization is performed. As a consequence, zero order
models appear to have a satisfactory trade-off between
accuracy and computer efficiency. Figure 6 depicts the
output for real and test data, regarding method 1. That
figure shows the high prediction accuracy of the model, :
which is not the best one achieved in the simulations. 8 &€ adapted from [11]. From there, it can be con-
In Fig. 5, the results for method 9 (first-order conse- cluded that neural networks trained by backpropaga-
quents, regular Gaussian functions and algebraic oper- tion require a significantly higher number of adjustable
ators) are presented, where real output data can hardly Parameters than other methods, based on fuzzy sys-
be distinguished from the model output. tems. Moreover, fuzzy systems require fewer training
Despite the fact that on|y one experiment is pre- epOChS. AISO, the fact that in the pl’esent work all the
sented, the authors tested the methodology in many model parameters of first-order TS model are adapted
commonly used benchmark problems (Box-Jenkins gas (this does not happen in other methods) allows the num-
furnace, Narendra’s benchmarks, etc.), getting consis- ber of rules to be reduced, without losing model pre-
tent conclusions, which could be generalized. cision, and as a consequence the number of rules is
Oneinteresting pointregarding method 1 (fuzzy con-  significantly reduced. In other methods, e.g., [2], the
sequents) is that, though it is called a linguistic model, consequents are optimized by means of the least square

Comparison with other methods

This example has been treated before by other meth-
ods. Table 5 shows the comparison data.

The first three lines refer to the results of the present
work; lines 4 to 6 are extracted from [2]; lines 7 and
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estimator, but the antecedents are not changed. Thus,References

the model obtained is not fully optimized and, conse-
quently, more rules are necessary to achieve the same [1]
model accuracy. If regular Gaussian functions would

be used (leading to a small degradation of model accu- 3
racy), the number of free parameters would be reduced
significantly, as can be seen in Table 2, by comparing
lines 7 and 9. The ANFIS results are superior, but at
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6. Conclusions
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